ABSTRACT Many systems often experience multiple failures resulting from simultaneous exposure to degradation processes and random shocks. For a load-sharing system, the dependencies among the degradation processes, random shocks and component failures potentially cause the system to fail more easily, which poses new challenging issues to evaluate the reliability. A novel reliability model for loadsharing systems subject to dependent degradation processes and random shocks is proposed. The new model extends previous models for simple parallel systems by considering the characteristics and specific dependencies of load-sharing systems. In a load-sharing system, the workload and shock load shared by each surviving component will increase after a component failure, leading to the higher degradation rate, the more serious sudden degradation damage caused by random shocks, and the greater probability of hard failure. In the model, the analytical expression is utilized to calculate the complex reliability. The complexity of this calculation is caused by the stochastic failure time of surviving components, the stochastic arriving time of shocks, and their interaction. A case of the load-sharing redundant micro-engines in micro-electromechanical system is presented to demonstrate the proposed model, and the result shows that the reliability of load-sharing system is lower than that of a simple parallel system.
I. INTRODUCTION
Load-sharing redundant systems are widely applied in engineering, such as rapid gravity filters in a water treatment plant [1] , valves or pumps in a hydraulic system, CPUs in a multiprocessor computer system [2] , and micro-engines in Micro-Electro-Mechanical System (MEMS) [3] . It is a common feature of load-sharing systems that the surviving components share the workload following a certain loadsharing rule (e.g., local load-sharing rule, equal load-sharing rule, tapered load-sharing rule, etc.) [4] . According to the load-sharing rule, the workload shared by each surviving component increases once a component fails. Many empirical studies of mechanical systems [5] , [6] , computer systems [7] , and battery systems [8] have proved that the workload strongly affects the component failure rate. For mechanical systems, the degradation processes due to common failure mechanisms (e.g., wear degradation, corrosion, fracture, fatigue, etc.) [9] are dependent on the workload.
Moreover, shock load generated either during the intended operation of the systems themselves or from external sources, is an important mechanism accounting for load-sharing systems failure [10] . The overload is a typical shock load for a load-sharing system, such as the over discharge for battery packs [8] and the surge of workload for micro-engines [3] . This shock load will also be shared by each surviving component. It is a universal phenomenon that most of load-sharing systems are subject to degradation processes and random shocks simultaneously. Therefore, competing failures may occur and any of them can cause the failure of the system.
Most studies on the reliability analysis of load-sharing systems proposed tampered failure rate (TFR) model and they considered shocks as a common failure cause [11] . Atwood [12] proposed the binomial failure rate (BFR) model, and assumed that each component will fail independently with a constant probability if receives a random shock. Fleming [13] developed the Basic Parameter Model to calculate the CCF basic event probability from data, while this model is rarely used directly for the reason that the data of redundancy configurations is unavailable. Ratio Models (e.g., Beta Factor, Alpha Factor and Multiple Greek Letter Models) are the popular quantitative CCF probability estimation models based on generic data and system specific failure rates. In these models, the number of shocks was assumed to be a transferable empirical ratio of failure rates to CCF rates [14] . All models above assumed that the failures caused by degradation processes and common cause shocks are independent. However, the dependency among failures is a very important characteristic, and should not be neglected [15] . Moreover, these CCF models present difficulties due to the lack of available failure data.
The degradation data is an alternative to evaluate the load-sharing system reliability, and can be obtained through accelerated degradation tests (ADT) [16] . Therefore, the Cumulative Exposure Model (CE) is proposed to conduct reliability analysis using this data, which can account for the effect of loading history on lifetime [11] , [17] . Huang and Xu [18] presented a general closed-form expression for the lifetime reliability of load-sharing K-out-of-N: G redundant systems. That study introduced the cumulative time concept to reflect the aging effect in each state with arbitrary failure distributions. The inverse Gaussian distribution is assumed to calculate the degradation failure of Rapid Gravity Filters (RGFs) in a water filtering load-sharing system [1] . The soft failure is only considered in these models, while failures of components in load-sharing systems generally occur in two modes: soft failure caused jointly by continuous smooth degradation and additional abrupt degradation damage due to a shock process and hard failures caused by a sudden stress from the same shock process [19] . These two failure processes are mutually competing and dependent [9] . Zio [20] claimed that shocks which can influence component and system failure need to be considered in reliability analysis.
For degradation processes that can be investigated by tracing the failure mechanisms, different degradation models have been developed. Recently, many researchers considered degradation and shock processes as stochastic processes to analyze the system dependent competing failure processes. Wang and Pham [21] studied reliability modeling for a system subject to competing failures of degradation and random shocks. In their model, fatal shocks that can lead to sudden failures and nonfatal shocks that cause abrupt damage in the degradation level are considered. Ruiz-Castro [22] considered shocks could produce several effects: extreme failure, cumulative degradation, and when the degradation reaches a threshold state, a non-repairable failure occurs and the internal performance changes. Wang et al. [23] investigated the reliability analysis under degradation and shocks and divided the effects of shocks into two types: a sudden increase in the failure rate, and a direct random change in the degradation. Based on the degradation and random shock model, Peng et al. [19] developed a general reliability model for systems subject to multiple dependent competing failure processes, which was then extended to a specific model for a linear degradation path and normally distributed shock load sizes and damage sizes. A cumulative shock model was put forward to calculate the total degradation. Song et al. [9] proposed a new multi-component system reliability model where the dependencies among all components failure processes were considered by deriving the covariance of the degradation for any two components. Rafiee et al. [24] proposed reliability model for device exposed to dependent competing failure processes with a changing degradation rate. Song et al. [25] analyzed the reliability of multiple-component series systems subject to hard and soft failures with dependent shock effects.
Whereas these literatures primarily pertain to a single component, simple series systems, or parallel systems, little research focuses on the reliability analysis of loadsharing system. For load-sharing systems, there are some special characteristics: (i) the load-sharing system experiences dependent competing soft and hard failures; (ii) the components in load-sharing system are dependent on each other, because one component failure will accelerate the failure of the others; (iii) the workload shared by each surviving component will increase after one component fails; (iv) the high workload will accelerate degradation processes by increasing the degradation rates of surviving components; (v) the shock load shared by each surviving component will increase after a component failure, which damages the degradation processes more seriously and causes the hard failure more often. Song et al. [9] , [26] gave the analysis of reliability for a simple parallel systems with each component experiencing multiple failure processes, while in their models, the last four load-sharing characteristics above were not considered. Therefore, the system reliability may be overestimated. Liu et al. [3] presented a load-sharing system reliability model with continuous degradation processes under a constant load or a cumulative load, but the competing failure modes were not considered. In their model, the degradation is the dominant failure type, and the system will not experience sudden failure due to a shock. Consequently, the degradation processes, random shock processes, and component failures can affect load-sharing system reliability, and all the methods above can not model these properties.
We have noted that no work has considered load-sharing systems with dependent competing failures and dependent degradation processes involving random shocks. In fact, there are many load-sharing systems in engineering experiencing dependent degradation processes and random shocks simultaneously. For example, the lithium-ion battery pack in electric vehicle is exposed to degradation processes (e.g., the loss of lithium) and random shocks (e.g., over discharge). In addition, the battery pack is also subjected to dependent soft and hard failures due to exposure to the same shocks. With a single cell failure, the capacity of the battery is reduced, but the general function remains unaffected because of the increasing current provided by the surviving cells. However, it will accelerate the surviving cells degradation processes and increase the magnitude of shock load (depth of over discharge), which impacts load-sharing system reliability seriously [8] . Similarly, the load-sharing redundant micro-engines in MEMS also experience these two dependent competing failure processes: soft failure due to ageing degradation and sudden degradation increases caused by shocks and hard failure because of the spring fracture from the huge shock load [5] . With one failure, the shared workload and shock load by each surviving component will increase, which accelerate the degradation and failure [16] , [27] . That is the motivation for developing the reliability model for a loadsharing system subject to dependent degradation processes and random shocks.
In this article, we extend and combine previous researches to develop a novel reliability model for load-sharing systems. The new dependencies among the degradation processes, random shocks and the component failures are taken into account. Moreover, the dependent competing soft and hard failures are also considered. It presents a challenge to predict the reliability of load-sharing parallel system, since the arrival time of the random shocks and the failure time of the components are both random variable and influence the failure of surviving components significantly.
Furthermore, the linear degradation path and the cumulative shock model are used to calculate the total degradation. Lin et al. [28] , [29] combined Multi-State Models (MSMs) and Physics-Based Models (PBMs) to handle the dependent degradation processes and random shocks. The effect of random shocks was assumed to be dependent on the current state. In our model, the degradation rate and the shock damage are dependent on the workload and shock load respectively. After a component failure, the workload and shock load shared by each surviving component will increase, resulting in the higher degradation rate and the more serious sudden degradation damage caused by random shocks. The ability of the load-sharing system to withstand shock loads will weaken if one component fails, which will lead to more system hard failures. The conditional probability density function of component failure time and the conditional total probability formula are utilized to obtain system reliability. The developed reliability model is illustrated by the example of the loadsharing redundant micro-engines in MEMS which studied by Liu et al. [3] .
The remainder of this article is organized as follows. In section 2, we describe the system and its assumptions. Section 3 presents shock model and the degradation model of the component in load-sharing system. The loadsharing system reliability model is proposed in section 4. Section 5 presents load-sharing micro-engines in MEMS as an illustrative study. Finally, section 6 concludes the work and makes some suggestions for further work.
II. SYSTEM SPECIFICATIONS
The load-sharing system with n identical components is considered in this paper. Each component is affected by random shocks, multiple degradation processes and shared workload, dependent each other. The components within the system can fail due to soft and hard competing failures. Assumptions used to build reliability model are as follows, which have been adapted by many researchers (e.g., [3] , [9] , [19] ).
1) All of the components in the system are identical.
2) Soft failure occurs when the total degradation is greater than the threshold value of the component. The overall degradation is accumulated by both the continuous degradation and the abrupt damage due to random shocks. 3) Hard failure occurs when the shock load itself exceeds the maximum strength of the component. Once a hard failure occurs, all of the surviving components fail at the same time according to the assumption 1, which leads the load-sharing system failure. 4) Random shocks arrive according to a Poisson process. 5) The workload and shock load are equally distributed on each component. Peng et al. [19] depicted two dependent competing failure processes involving shock processes. As shown in Fig. 1 , there are two dependent failure processes: the soft failure due to its total degradation (i.e. the sum of a continual degradation process and the abrupt damage caused by the shocks), and the hard failure due to the same shocks [9] , [19] , [24] . Whichever occurs first can cause failure.
However, in a load-sharing system, the component failure will lead the increase of the workload and shock load shared by each surviving component. For this reason, the degradation rate of each surviving component will increase after a component failure [16] . In addition, the shocks will affect the sudden degradation damage and the hard failure more than the condition without component failures. This is the main difference from [9] , [19] , and [30] . As shown in Fig. 2 , the degradation rate significantly increases at T 1 , T 2 , T 3 , T 4 . Moreover, the abrupt damage Y due to random shocks is more Fig. 2, t 1 , t 2 , . . . , t 5 are the time when shocks arrive and T 1 , T 2 , T 3 , T 4 are the time when the component failures occur. The dependencies in load-sharing system can be divided into two aspects. 1) Random shocks affect both competing soft and hard failure processes; 2) The number of surviving components in load-sharing system affects both the degradation processes and the effect of shocks.
III. MODEL FORMULATION
Each identical component of load-sharing system shares the workload and shock load equally. The shock load is the surge of workload in an abnormal state, such as the high transmission torque of the transmission belts or the gear bet, the over discharge of battery pack, and the overload of micro-engines in MEMS. For the characteristics of load-sharing systems, the degradation model and shock model are much different from the models proposed in [3] , [9] , [24] , and [26] .
A. MODELING OF EXTREME SHOCKS
Hard failure occurs as soon as the shock load exceeds the maximum strength as shown in Fig. 2 part (b) [9] , [19] , [31] . All of the surviving components in the load-sharing system will fail at the same time when a shock load or stress size is greater than the total maximal fracture strength D, since the components are absolutely identical and obey the equal loadsharing rule. The load-sharing system strength D is affected by the number of failed components. In addition, the strength decreases gradually with the increasing of failures. The system strength with i faulty components is denoted by D i . Shocks arrive according to a Poisson process with rate λ. The probability that hard failure does not occur with i faulty components when the m i th shock arrives is shown as
where M i (t) is the total number of shocks that system experienced in the time interval between T i and T i+1 , T i is the i th failure time, and W im i is the shock load of m i th shock. The load W im i is assumed to be an independent and identically distributed (i.i.d.) random variable,
where (•) is the Cumulative Distribution Function (CDF) of a standard normal random variable. Therefore, the probability that system does not experience hard failure by time t, P (NHF t ), is
where N (t) is the number of faulty components by time t.
B. MODELING OF TOTAL DEGRADATION
The component soft failures occur when its total degradation is beyond the threshold value H [9] , [19] , [30] . Fig. 2 part (a) shows that the total degradation, X S (t), is the sum of a continual degradation process and the cumulative abrupt degradation shifts caused by the shocks. Linear degradation path is assumed to accumulate the continual degradation, X (t) = µ+βt+ε, where the initial degradation amount of component is a constant µ, and the degradation rate β is a random variable that follows a normal distribution, β ∼ N (µ β , σ 2 β ). We assume that µ β σ 2 β , so that the probability of the degradation level being negative can be neglected. The last item ε is a random error term following a normal distribution, ε ∼ N (0, σ 2 ). The degradation rate β depends on the number of surviving components, and the inequality must be ensured, β i > β i−1 > . . . > β 1 > β 0 , where β i is the surviving component degradation rate with the condition that i components have failed in system, following a normal distribution,
). β 0 will increase to β 1 if the first component failure occurs, and the value of β 1 can be obtained through accelerated degradation test [16] . Therefore the total degradation of the surviving component by time t in load-sharing system degradation model is denoted as
Moreover, the m i th soft shock damage for the surviving component in the load-sharing system with i component failures,
). When a shock arrives, all components are affected due to the shared exposure, for which reason there is such a inequality
The cumulative abrupt degradation shifts S(t) due to random shocks until time t is expressed as
The total degradation which consists of both the continuous degradation and the cumulative abrupt damage can be expressed as X S (t) = X (t) + S(t).
IV. RELIABILITY ANALYSIS FOR A LOAD-SHARING SYSTEM
As pointed out in the previous section, the overall degradation is affected by its continual degradation processes, the shocks, and the failures of other components. As shown in Fig. 3 , the degradation rate should be β i and m i shocks maybe arrive in the time interval between T i and T i+1 . To make a reliability analysis of such a load-sharing system, the difficulty lies in that both the arrival time of the shocks and the failure time of the other components are stochastic and influence the degradation of surviving components. In this section, we develop reliability models for a load-sharing system. The component experiences dependent competing soft and hard failure processes. No soft failure occurs when the total degradation is less than the threshold value H . Conditioning on the time T 1 , T 2 , . . . , T i and the numbers of shocks m 0 , m 1 , . . . , m i−1 , m i , the probability of no soft failure for a surviving component by time t can be expressed as,
A more specific model can be derived as (7) based on the convolution integral [19] when β i , Y lm l , and ε follow above
normal distributions respectively. Equation (7) is shown at the bottom of the previous page. Given the time T 1 , T 2 , . . . , T i−1 and the numbers of shocks m 0 , m 1 , . . . , m i−1 , the conditional probability density function of the ith soft failure time can be obtained as (8) , as shown at the bottom of the previous page. Therefore, the conditional probability of a component failure in an infinitesimal interval dT i can be obtained as
The number of surviving components on this condition is n − i + 1, so, the probability of ith failure at time T i is
There is a special case that no shock has arrived by time t, m 0 = m 1 = . . . = m i = 0, so, it acts as a Cumulative Exposure Model. Equation (7) and (8) can be also applied to this case. Therefore, the probability that no soft failure for a surviving component in the system with i component failures by time t, P i (NSF t ), can be expressed as (10) , as shown at the top of the this page. 0 , m 1 , . . . , m i−1 , T 1 , T 2 , . . . , T i ) is the conditional probability that m i shocks have arrived in the time interval between T i and t given time T 1 , T 2 , . . . , T i and the shocks numbers m 0 , m 1 , . . . , m i−1 . However, this conditional probability is only related to T i and t according to the characteristic of Poisson process. Thus, it can be simplified as (11) , as shown at the top of the this page.
P(m i |m
For a load-sharing parallel system, there must be at least one surviving components working for successful operation. The probability that there are n − i components working reliably without soft failure, P Si (NSF t ), can be expressed as (12) , as shown at the top of the this page. In addition, according to the previous assumptions, P Si (NSF t ) can be derived as (13) , as shown at the top of the this page. Conditioning on the numbers of shocks, m 0 , m 1 , . . . , m i−1 , m i , the probability that there are n − i components working reliably without hard failure, P Si (NHF t ), can be presented as
Therefore, combining (13) and (14), the probability that there are n − i components working reliably, R Si , can be obtained as (15) , as shown at the bottom of the this page. A special case is that there is no component failure by time t, the probability of which can be obtained as (16) , as shown at the bottom of the this page.
Consequently, we can get the reliability of the load-sharing parallel system, R (t), presented as (17) , as shown at the bottom of the this page. Moreover the developed reliability model can be easily extended to a load-sharing K out of N system through R (t) = n−k i=0 R si . If the properties of loadsharing system are not considered, it will act as a simple parallel system with independent components. Its reliability can be expressed as (18) , as shown at the bottom of the this page [9] .
V. NUMERICAL EXAMPLE
To illustrate the proposed reliability model, the load-sharing redundant micro-engines in Micro-Electro-Mechanical System (MEMS) are considered in this section. The microengine transfers energy through the mechanically joined orthogonal comb-drive actuators and a rotating gear [5] . The linear displacement of the comb-drives is transferred to the gear through pin joints. The micro-engine failure often results from the wear on the contact surface of the pin joint and the gear, which is mainly a degradation process. Moreover, the wear debris and the spring fracture may be caused by shock load [32] . So the micro-engine experiences two dependent competing failure processes: soft failure because of aging degradation and substantial wear debris caused by shocks and hard failure due to the spring fracture caused by the huge shock load.
In order to complete the task more reliably, more than one micro-engines work together in a system to share workload and shock load. We consider a load-sharing parallel system with three identical micro-engines. The degradation rate of a surviving micro-engine and the substantial debris caused
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FIGURE 4.
The value of R S0 , R S1 , and R S2 for a load-sharing parallel system.
by each shock will increase after a micro-engine failure, because the workload and shock load shared by each surviving micro-engine increase. In addition, the critical value of the system to hard failure will decrease in the meanwhile. The corresponding parameters for the reliability are shown in TABLE 1 . The probabilities that load-sharing system with three surviving micro-engines, two surviving micro-engines and one surviving micro-engine survives a shock load are 99.995%, 97.72%, and 54.97% respectively based on equation (2) . Using equation (15) and (16), the probabilities that three components work reliably (i.e. R S0 ), two components work reliably (i.e. R S1 ), and one component works reliably (i.e. R S2 ), are plotted in Fig. 4 respectively. It is easy to observe that R S1 and R S2 are very close to 0 and that R S0 is very close to 1 before the time t = 0.76 × 10 5 . The probability of the component failure will increase with time going, and all components will fail at the end. Therefore, R S1 and R S2 increase first and decrease after the peak point. R S1 begins to increase at the time t = 0.70 × 10 5 , decreases at the time t = 1.18 × 10 5 , and reaches 0 at time t = 1.56 × 10 5 . R S2 begins to increase at the time t = 0.76 × 10 5 , decreases at the time t = 1.21 × 10 5 , and reaches 0 at time t = 1.58 × 10 5 . For a simple parallel system with three identical and independent components ignoring load-sharing characteristics, the probabilities that three components work reliably (i.e. R SS0 ), two components work reliably (i.e. R SS1 ), and one component works reliably (i.e. R SS2 ), are plotted in Fig. 5 . We can find that R S0 for a load-sharing system is the same as R SS0 for a simple parallel system. Moreover, R S1 and R S2 are lower than R SS1 and R SS2 respectively, especially R S2 , since one component failure will accelerate the failure of surviving components. In addition, the degradation rate and the effect of shocks will become greater and greater with the increasing number of component failures.
Therefore, knowing the values of R S0 , R S1 , and R S2 , we can obtain the load-sharing parallel system reliability function R (t) and plot it in Fig. 6 . We can find that the load-sharing system reliability starts falling at time t = 0.76 × 10 5 and approaches 0 at time t = 1.58 × 10 5 . The reliability of simple parallel system with three identical components without loadsharing characteristics is calculated based on (18) , and the comparison plot is shown in Fig. 6 . It is easy to find that the reliability of load-sharing system is lower than that of a simple parallel system, which is more accurate in the practical engineering.
A sensitive analysis is performed to investigate the effect of parameters on the load-sharing system reliability. The wear degradation failure threshold, H , and the random shocks arrive rate, λ, are the mainly considered parameters. Fig. 7 and Fig. 8 show the results of sensitive analysis of H and λ respectively. Fig. 7 suggests that the wear degradation failure threshold is an important parameter that influences the reliability significantly. When H increases from 0.00115µm 3 to 0.00135µm 3 , the system reliability curve moves to the right, which indicates a larger value of H leading to a higher reliability performance. In Fig. 8 , we can find that the random shocks arrive rate also has an important effect on the system reliability. When λ increases from 2.0 × 10 −5 to 3.0 × 10 −5 , the reliability curve shifts to the left. This indicates that the reliability decreases when micro-engines load-sharing system works in an environment with higher arrival rates of random shocks.
VI. CONCLUSION
In this article, we propose a new reliability model for loadsharing systems where the degradation processes involving random shocks are dependent. This new reliability model explores a major extension from previous research on components, series systems, and parallel systems. The new dependencies among the degradation processes, random shocks and component failures are sufficiently considered in this paper. Thus, it is more accurate and practical to evaluate the loadsharing system reliability, since these dependencies likely cause the load-sharing system to fail more easily. The loadsharing system reliability is influenced by both the stochastic failure time of surviving components and the stochastic arriving time of shocks. To calculate the complex reliability, the conditional probability density function of component failure time and the conditional total probability formula are utilized. Then, the proposed reliability model is demonstrated by a load-sharing system in MEMS with three redundant microengines. Moreover, the result illustrates that the load-sharing system reliability considering the dependencies above is lower than that of a simple parallel system. To the best of the authors' knowledge, this is the first work to investigate loadsharing systems subject to dependent degradation processes and random shocks.
For future investigation, the dependency between sudden abrupt degradation and the shock load as well as the dependency between the shock effects on hard failure and the shock load can be considered in a load-sharing system. In addition, for the reason that the workload influences the degradation rate, it may be a key work to manage the workload on each component to improve the system reliability. The reliability model for load-sharing systems with different components or obeying other load-sharing rules can also be studied, which could be more practical. The maintenance policy can be studied based on this reliability model to enhance the loadsharing system performance.
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